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Abstract
In this paper, we study the perturbation problem for oblique projection generalized inverses of closed
linear operators in Banach spaces. By the method of the perturbation analysis of linear operators, we obtain
an explicit perturbation theorem and error estimates for the oblique projection generalized inverse of closed
linear operators under the T-bounded perturbation, which extend the known results on the perturbation of
the oblique projection generalized inverse of bounded linear operators in Banach spaces.
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1. Introduction
Perturbation analysis for the oblique projection generalized inverse of a bounded linear operator
in a Banach space is very important in practical applications of operator theory and has been widely
studied, see [12,13,15–17]. In recent years, the perturbation analysis for the oblique projection
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generalized inverse has appeared in [2,3,5–7,10] with the help of the concept of the gap between
closed subspaces [8] and the concept of the local fine point [9] respectively. Especially in the
papers [1,4,11], the perturbation results have been applied to the frame theory and the theory of
nonlinear analysis, respectively.
Motivated by the fact that differential operators or partial differential operators are generally
closed linear operators with a dense domain from a Banach function space into another Banach
function space, if the domain of a closed operator is not the whole space, then the operator may
be unbounded. In this paper, we further explore the following general question: Let T be a closed
linear operator from a Banach space X into a Banach space Y such that the domain of T is dense
in X and the range of T is closed in Y , so that the oblique projection generalized inverse T + is
well-defined. What condition on the perturbation operator T guarantees that the range of the
perturbed operator T = T + T is closed so that the oblique projection generalized inverse T +
is also well-defined and bounded, and if so, what is an upper bound of the norm of T + in terms
of that of T +?
In the next section, we review some concepts and give some Lemmas. In Section 3 we prove
the main results.
2. Preliminaries
Let X and Y be two Banach spaces. Let L(X, Y ), C(X, Y ), B(X, Y ) denote the linear space
of all linear operators, the homogeneous set of all closed linear operators, the Banach space of all
bounded linear operators from X into Y , respectively.
Let T ∈ C(X, Y ) with a closed range R(T ) and let D(T ) = X. Throughout the paper we
assume that X is the topological sum of the null space N(T ) of T and N(T )c, i.e., X =
N(T ) ⊕ N(T )c, and Y is the topological sum of R(T ) and R(T )c, i.e., Y = R(T ) ⊕ R(T )c,
where N(T )c and R(T )c are closed subspaces of X and Y , respectively. Let P be the continuous
linear projection of X onto N(T ) along N(T )c, and let Q be the continuous linear projection of
Y onto R(T ) along R(T )c. If there exists a bounded linear operator T + such that (i) T T +T = T
on D(T ); (ii) T +T T + = T + on Y ; (iii) T +T = ID(T ) − P on D(T ); (iv) T T + = Q on Y , then
T + is called an oblique projection generalized inverse of T , or the generalized inverse of T
with respect to P,Q. It is well known that if T ∈ B(X, Y ), then T + exists. See [14] for more
details.
If X and Y are Hilbert spaces, and if N(T )c = N(T )⊥ and R(T )c = R(T )⊥, then the cor-
responding oblique projection generalized inverse of T is usually referred to as the orthogonal
projection generalized inverse of T or the Moore–Penrose generalized inverse of T .
We also need the concept of T -boundness from [8].
Definition 1 [8]. LetT andP be linear operators with the same domain spaceX (but not necessarily
the same range space) such that D(T ) ⊂ D(P ) and
‖Pu‖  a‖u‖ + b‖T u‖ ∀u ∈ D(T ),
where a, b are nonnegative constants. Then we say that P is relatively bounded with respect to T
or simply T -bounded. The greatest lower bound b0 of all possible constants b will be called the
relative bound of P with respect to T or simply the T -bound of P .
A linear operator T from X into Y is said to be closable if T has a closed extension. The
following lemma is taken from [8].
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Lemma 1 [8]. Let X and Y be Banach spaces, let T and P be linear operators from X into Y,
and led P be T -bounded with the T -bound smaller than 1. Then S = T + P is closable if and
only if T is closable; in this case, the closures of T and S have the same domain. In particular S
is closed if and only if T is.
Proof. See Theorem 1.11 in Chapter 4 of [8]. 
Remark 1. Let X, Y be Banach spaces. If A ∈ L(X, Y ) and A+ ∈ L(Y,X) satisfy R(A+) ⊂
D(A),R(A) ⊂ D(A+), and
1. AA+A = A on D(A);
2. A+AA+ = A+ on D(A+),
then A+ is called a generalized inverse of A (see [14]).
The next lemma concerns the existence of a generalized inverse for a closed linear operator.
Lemma 2 [14]. (a) Let X and Y be Banach spaces and let T be a linear operator from X into Y
such that T is either bounded with D(T ) = X or closed with D(T ) = X. Suppose that N(T ) has
a topological complement N(T )c in X and R(T ) has a topological complement R(T )c in Y. Let
P denote the projector of X onto N(T ) along N(T )c and let Q denote the projector of Y onto
R(T ) along R(T )c. Then T has a unique generalized inverse T + satisfying
1. T T +T = T on D(T );
2. T +T T + = T + on D(T +);
3. T +T = I − P on D(T );
4. T T + = Q on D(T +), where
D(T +) = R(T ) ⊕ R(T )c.
(b) Under the assumption of part (a), T + is bounded if and only if R(T ) is closed in Y .
Proof. See Theorem 5.6 on page 60 in [14]. 
3. Main results
Lemma 3. Let X and Y be Banach spaces, let T ∈ C(X, Y ) with D(T ) = X and T ∈ L(X, Y )
be such that the oblique projection generalized inverse T + of T exists, T + ∈ B(Y,X), and T
is T -bounded with the nonnegative constants a, b, i.e.,
‖T u‖  a‖u‖ + b‖T u‖ ∀u ∈ D(T ),
that satisfy the inequality
a‖T +‖ + b‖Q‖ < 1 and N(T ) ⊂ N(T ),
where Q is the continuous linear projector of Y onto R(T ) along R(T )c. Then
(i) (I + T T +) : Y → Y is bounded and invertible, and
(I + T T +)−1 =
∞∑
n=0
(−1)n(T T +)n ∈ B(Y ).
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(ii)
∑∞
n=0(−1)n(T +T )nT + is convergent in the Banach space B(Y,X), and
T +(I + T T +)−1 =
∞∑
n=0
(−1)n(T +T )nT +. (1)
(iii) (I + T +T ) : D(T ) → D(T ) ∩ N(T )c = R(T +) is T -bounded and invertible, and
(I + T +T )−1 =
∞∑
n=0
(−1)n(T +T )n (2)
is T -bounded.
(iv) T +(I + T T +)−1 = (I + T +T )−1T +.
Proof. (i) Since the oblique projection generalized inverse T + exists, T + ∈ B(Y,X), and we see
that R(T ) is closed, D(T +) = Y , and R(T +) = D(T ) ∩ N(T )c. Since T is T -bounded,
‖T T +v‖ a‖T +v‖ + b‖T T +v‖
= a‖T +v‖ + b‖Qv‖
 [a‖T +‖ + b‖Q‖]‖v‖ ∀v ∈ Y.
Thus I + T T + ∈ B(Y ) and ‖T T +‖  r :=a‖T +‖ + b‖Q‖ < 1. Hence, by the Banach
Lemma, the operator (I + T T +) is invertible, and
(I + T T +)−1 =
∞∑
n=0
(−1)n(T T +)n ∈ B(Y ).
(ii) Since ‖T T +‖  r < 1, we have that
‖(−1)n(T +T )nT +‖ = ‖(−1)nT +(T T +)n‖
 ‖T +‖‖T T +‖n
 ‖T +‖rn ∀n = 0, 1, . . . ,
hence
∑∞
n=0(−1)n(T +T )nT + is convergent in the Banach space B(Y,X). So we have
T +(I + T T +)−1 = T +
∞∑
n=0
(−1)n(T T +)n
= lim
k→∞[T
+ − T +T T + + · · · + (−1)kT +(T T +)k]
=
∞∑
n=0
(−1)n(T +T )nT +. (3)
(iii) Since T is T -bounded, so is the operator (I + T +T ) on D(T ). Define Sn : D(T ) →
D(T ) ∩ N(T )c = R(T +) by
Sn =
n∑
k=0
(−1)k(T +T )k, n = 1, 2, . . .
For any x ∈ D(T ), we have x = (I − T +T )x + T +T x. Note that N(T ) ⊂ N(T ) implies
T (I − T +T ) = 0, hence
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Sn(x) = x +
n∑
k=1
(−1)k(T +T )kx
= x +
n∑
k=1
(−1)k(T +T )kT +T x
= x + T +
(
n∑
k=1
(−1)k(T T +)k
)
T x, n = 1, 2, . . .
For any n > m, we have
‖Sn(x) − Sm(x)‖ =
∥∥∥∥∥T +
[
n∑
k=m
(−1)k(T T +)k
]
T x
∥∥∥∥∥
 ‖T +‖
n∑
k=m
‖T T +‖k‖T x‖
 ‖T +‖ ‖T x‖
n∑
k=m
rk → 0, as n,m → ∞.
Since N(T )c is closed in Banach space X, and Sn(x) ∈ D(T ) ∩ N(T )c, n = 1, 2, . . . , we have
∞∑
k=0
(−1)k(T +T )kx = lim
n→∞ Sn(x) ∈ N(T )
c.
On the other hand, since Q = T T + is continuous on Y , we also have
T (Sn(x)) = T (x) + T T +
(
n∑
k=1
(−1)k(T T +)kT x
)
= T (x) + Q
(
n∑
k=1
(−1)k(T T +)kT x
)
→ T (x) + Q
( ∞∑
k=1
(−1)k(T T +)kT x
)
.
Since T is a closed linear operator, we have
∑∞
k=0(−1)k(T +T )kx = limn→∞ Sn(x) ∈ D(T ),
and
T (x) + Q
( ∞∑
k=1
(−1)k(T T +)kT x
)
= T
( ∞∑
k=0
(−1)k(T T +)kx
)
,
thus S(x) =∑∞k=0(−1)k(T +T )kx ∈ D(T ) ∩ N(T )c. It is obvious that S =∑∞k=0(−1)k
(T +T )k is linear, and
‖S(x)‖
∥∥∥∥∥x + T +
( ∞∑
k=1
(−1)k(T T +)k
)
T x
∥∥∥∥∥
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 ‖x‖ + ‖T +‖
∞∑
k=1
rk‖T x‖
= aˆ‖x‖ + bˆ‖T x‖ ∀x ∈ D(T ),
where aˆ = 1, bˆ = ‖T +‖∑∞k=1 rk. Thus S =∑∞k=0(−1)k(T +T )k is T -bounded. Now we claim
that
(I + T +T )−1 =
∞∑
k=0
(−1)k(T +T )k.
Indeed, for anyx ∈ D(T ), x = (I − T +T )x + T +T x. SinceT (I − T +T ) = 0, from the equal-
ities in (i) and (ii), we have[ ∞∑
k=0
(−1)k(T +T )k
]
(I + T +T )x
=
∞∑
k=0
(−1)k(T +T )k(I − T +T )x +
[ ∞∑
k=0
(−1)k(T +T )k
]
(I + T +T )T +T x
= (I − T +T )x +
[ ∞∑
k=0
(−1)k(T +T )k
]
T +(I + T T +)T x
= (I − T +T )x + T +
[ ∞∑
k=0
(−1)k(T T +)k
]
(I + T T +)T x
= (I − T +T )x + T +(I + T T +)−1(I + T T +)T x
= x.
For any x ∈ D(T ) ∩ N(T c) = R(T +), x = (I − T +T )x + T +T x. Since T (I − T +T ) = 0,
from the equalities in (i) and (ii), we also have
(I + T +T )
[ ∞∑
k=0
(−1)k(T +T )k
]
x
= (I + T +T )
[
x +
∞∑
k=1
(−1)k(T +T )kT +T x
]
= (I + T +T )
[
x + T +
∞∑
k=1
(−1)k(T T +)kT x
]
= (I + T +T )[x + T +((I + T T +)−1T x − T x)]
= (I + T +T )x + T +(I + T T +)[(I + T T +)−1T x − T x)]
= (I + T +T )x + T +T x − T +(I + T T +)T x
= (I + T +T )x + T +T x − (I + T +T )T +T x
= x + T +T (I − T +T )x = x.
Y. Wang, H. Zhang / Linear Algebra and its Applications 426 (2007) 1–11 7
Hence we have
(I + T +T )−1 =
∞∑
k=0
(−1)k(T +T )k.
(iv) It is immediate from the above. 
Theorem 4. Let X and Y be Banach spaces, let T ∈ C(X, Y ) with D(T ) = X and T ∈ L(X, Y )
be such that the oblique projection generalized inverse T + ∈ B(Y,X) of T exists, and let T be
T -bounded with the nonnegative constants a, b, i.e.,
‖T u‖  a‖u‖ + b‖T u‖ ∀u ∈ D(T ).
If
a‖T +‖ + b‖Q‖ < 1 and N(T ) ⊂ N(T ),
then (i) T = T + T is closed; (ii) R(T ) is closed, and T + ∈ B(Y,X), the oblique projection
generalized inverse of T , exists such that
‖T +‖  ‖T
+‖
1 − a‖T +‖ − b‖Q‖ (4)
and
‖T + − T +‖
‖T +‖ 
a‖T +‖ + b‖Q‖
1 − a‖T +‖ − b‖Q‖ . (5)
where Q is the continuous linear projection of Y onto R(T ) along R(T )c. If in addition T + is
compact, so is T +.
Proof. (i) Since a‖T +‖ + b‖Q‖ < 1, and ‖Q‖  1, we have
b <
1
‖Q‖  1.
Noticing that T is T -bounded and D(T ) ⊂ D(T ), it follows from Lemma 1 that T = T + T
is closed, and D(T ) = D(T ).
(ii) By Lemma 3, the operator (I + T T +) is invertible, and (I + T T +)−1 =∑∞
n=0(−1)n(T T +)n ∈ B(Y ). We set
M :=T +(I + T T +)−1 on Y.
Then M ∈ B(Y,X). Since N(T ) ⊂ N(T ), we see that T (I − T +T ) = 0, and hence
T − TMT = [I − T T +(I + T T +)−1]T
= [I − (T + T )T +(I + T T +)−1](T + T )
= [(I + T T +) − (T + T )T +](I + T T +)−1(T + T )
= [I − T T +](I + T T +)−1(T + T )
= [I − T T +](I + T T +)−1(T + T T +T + T − T T +T )
= [I − T T +](I + T T +)−1[(I + T T +)T + T (I − T +T )]
= 0.
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i.e.,
T = TMT on D(T ). (6)
On the other hand, by (iv) of Lemma 3, T +(I + T T +)−1 = (I + T +T )−1T +. Note that
T +(T T + − I ) = 0, so we have
MTM − M = T +(I + T T +)−1T T +(I + T T +)−1 − T +(I + T T +)−1
= T +(I + T T +)−1[(T + T )T +(I + T T +)−1 − I ]
= T +(I + T T +)−1[T T + + T T + − I − T T +](I + T T +)−1
= T +(I + T T +)−1(T T + − I )(I + T T +)−1
= (I + T +T )−1T +(T T + − I )(I + T T +)−1
= 0.
i.e.,
MTM = M on Y. (7)
Thus M = T +(I + T T +)−1 is a generalized inverse of T , i.e.,
T
+ = T +(I + T T +)−1 ∈ B(Y,X).
It follows that
‖T +‖ = ‖T +(I + T T +)−1‖
 ‖T +‖‖(I + T T +)−1‖
 ‖T
+‖
1 − ‖T T +‖
 ‖T
+‖
1 − a‖T +‖ − b‖Q‖ ,
and hence
‖T + − T +‖ = ‖T +[(I + T T +)−1 − I ]‖
 ‖T +‖‖(I + T T +)−1 − I‖
= ‖T +‖‖(I + T T +)−1(I − I − T T +)‖
 ‖T
+‖‖T T +‖
1 − ‖T T +‖
 ‖T
+‖(a‖T +‖ + b‖Q‖)
1 − a‖T +‖ − b‖Q‖ ,
i.e.,
‖T + − T +‖
‖T +‖ 
a‖T +‖ + b‖Q‖
1 − a‖T +‖ − b‖Q‖ .
By Lemma 3 (iv), we have
T
+ = T +(I + T T +)−1 = (I + T +T )−1T + ∈ B(Y,X).
We claim that T + is the oblique projection generalized inverse of T , so R(T ) is closed. Indeed,
first we have
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T
+
T = (I + T +T )−1T +(T + T )
= (I + T +T )−1(T +T − I + I + T +T )
= I − (I + T +T )−1(I − T +T ) on D(T ).
Define
P = (I + T +T )−1(I − T +T ) on D(T ) = D(T ).
Noticing that (I − T +T ) = (I − T +T )(I + T +T ), we have
P
2 = (I + T +T )−1(I − T +T )(I + T +T )−1(I − T +T )
= (I + T +T )−1(I − T +T )2
= (I + T +T )−1(I − T +T ) = P .
From Lemma 3, (I + T +T )−1 is a T -bounded linear operator, hence there exist constants aˆ >
0, bˆ  0, such that
‖(I + T +T )−1y‖  aˆ‖y‖ + bˆ‖Ty‖ ∀y ∈ D(T ).
Since (I − T +T )x = Px ∀x ∈ D(T ), we have
‖Px‖ = ‖(I + T +T )−1(I − T +T )x‖
 aˆ‖(I − T +T )x‖ + bˆ‖T (I − T +T )x‖
= aˆ‖Px‖  aˆ‖P ‖‖x‖ ∀x ∈ D(T ).
D(T ) = X implies that we may extend P from D(T ) to X, such that P ∈ B(X) and P 2 = P .
Next, we show that R(P ) = N(T ).
Since N(T ) ⊂ N(T ), we have T = T T +T . Note that the operator (I + T T +) is invert-
ible, hence
N(T ) = N(T + T ) = N((I + T T +)T ) = N(T ).
For any x ∈ N(T ) = N(T ), we have
x = (I + T +T )−1(I + T +T )(I − T +T )x
= (I + T +T )−1(I − T +T )x = Px.
i.e., N(T ) ⊂ R(P ).
Let x ∈ R(P |D(T )). Then there exists y ∈ D(T ) such that
x = Py
= (I + T +T )−1(I − T +T )y
= (I + T +T )−1(I + T +T )(I − T +T )y
= (I − T +T )y ∈ N(T ) = N(T ).
HenceR(P |D(T )) ⊂ N(T ).SinceD(T ) = X,P is continuous,N(T ) is closed, soR(P ) ⊂ N(T ).
Thus
R(P ) = N(T ).
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We have shown that P is a continuous linear projector of X onto N(T ), and
T
+
T = I − P on D(T ).
Second, we have
T T
+ = (T + T )T +(I + T T +)−1
= [(T T + − I ) + (I + T T +)](I + T T +)−1
= (T T + − I )(I + T T +)−1 + I.
Define Q = (T T + − I )(I + T T +)−1 + I = (Q − I )(I + T T +)−1 + I . Then T T + = Q ∈
B(Y ),
Q
2 = T T +T T + = T T + = Q on Y,
andR(T ) = R(T T +T ) = R(QT ) ⊂ R(Q) ⊂ R(T ), i.e.,R(Q) = R(T ). ThusT + is the oblique
projection generalized inverse of T . If T + is compact, then T + = T +(I + T T +)−1 is also
compact since (I + T T +)−1 is bounded. 
Corollary 5 [8]. Let X and Y be Banach spaces, and let T and P be linear operators from X into
Y such that T−1 exist and belongs to B(Y,X) (so T is closed). Suppose that P is a T -bounded
linear operator with the nonnegative constants a and b, i.e.,
‖Pu‖  a‖u‖ + b‖T u‖, ∀u ∈ D(T )
and
a‖T −1‖ + b < 1.
Then S = T + P is closed and invertible, with S−1 ∈ B(Y,X), and
‖S−1‖  ‖T
−1‖
1 − a‖T −1‖ − b ,
hence
‖S−1 − T −1‖  ‖T
−1‖(a‖T −1‖ + b)
1 − a‖T −1‖ − b .
If in addition T −1 is compact, so is S−1.
Proof. Since T is invertible, we have R(T ) = Y , T −1 = T +, and Q = IY , hence ‖Q‖ = ‖IY ‖ =
1. The conclusion follows from Theorem 4. 
Corollary 6. Let X and Y be Banach spaces, let T ∈ C(X, Y ) with D(T ) = X, the oblique pro-
jection generalized inverse T + exists, and T + ∈ B(Y,X). Suppose that T ∈ B(X, Y ) satisfies
‖T ‖‖T +‖ < 1 and N(T ) ⊂ N(T ).
Then T = T + T is closed, T has the oblique projection generalized inverse T + ∈ B(Y,X),
with
‖T ‖  ‖T
+‖
1 − ‖T ‖‖T +‖ ,
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and
‖T + − T +‖
‖T +‖ 
‖T ‖‖T +‖
1 − ‖T ‖‖T +‖ .
Proof. Since T is bounded, we have
‖T x‖  ‖T ‖‖x‖ + 0‖T x‖ ∀x ∈ D(T ).
Then T is T -bounded with a = ‖T ‖, b = 0. the conclusion follows from Theorem 4. 
Remark 2. If T ∈ B(X, Y ) in Corollary 6 , we get the well-known result.
Acknowledgments
The authors would like to thank the referee for kind suggestions and correcting the English
errors.
References
[1] P.G. Cazassa, O. Christensen, Perturbation of operators and applications to frame theory, J. Fourier Anal. Appl. 3
(5) (1997) 543–557.
[2] G. Chen, M. Wei, Y. Xue, Perturbation analysis of the least square solution in Hilbert spaces, Linear Algebra Appl.
244 (1996) 69–81.
[3] G. Chen, Y. Xue, Perturbation analysis for the operator equation Tx = b in Banach spaces, J. Math. Anal. Appl. 212
(1997) 107–125.
[4] O. Christensen, Operators with closed range, pseudo-inverses, and perturbation of frames for a subspace, Can. Math.
Bull. 42 (1) (1999) 37–45.
[5] J. Ding, L. Huang, On the perturbation of the least square solutions in Hilbert spaces, Linear Algebra Appl. 212/213
(1994) 487–500.
[6] J. Ding, L. Haung, Perturbation of generalized inverses in Hilbert spaces, J. Math. Anal. Appl. 198 (1996) 506–515.
[7] J. Ding, New perturbation results on pseudo-inverses of linear operators in Banach spaces, Linear Algebra Appl.
362 (2003) 229–235.
[8] T. Kato, Perturbation Theory of Linear Operators, Springer-Verlag, Berlin, 1984.
[9] J. Ma, Rank theorems of operators between Banach spaces, Sci. China (Ser. A) 43 (2000) 1–5.
[10] Q. Huang, J. Ma, Perturbation analysis of generalized inverses of linear operators in Banach spaces, Linear Algebra
Appl. 289 (2004) 355–364.
[11] J. Ma, A generalized preimage theorem in global analysis, Sci. China (Ser. A) 44 (3) (2001) 299–303.
[12] M.Z. Nashed, Perturbation and approximations for generalized inverses and linear operators equations, in: M.Z.
Nashed (Ed.), Generalized Inverses and Applications, Academic Press, New York, 1976, pp. 325–396.
[13] M.Z. Nashed, X. Chen, Convergence of Newton-like method for singular equations using outer inverse, Numer.
Math. 66 (1993) 235–257.
[14] M.Z. Nashed (Ed.), Generalized Inverses and Applications, Academic Press, New York, 1976.
[15] Y.W. Wang, Generalized Inverse of Operator in Banach Spaces and Applications, Science Press, Beijing, 2005.
[16] Y.W. Wang, J. Liu, Metric generalized inverse of linear manifold and extremal solution of linear inclusion in Banach
spaces, J. Math. Anal. Appl. 302 (2005) 360–371.
[17] H. Wang, Y.W. Wang, Metric generalized inverse of linear operator in Banch spaces, China Ann. Math. 24(B) (4)
(2003) 509–520.
